Abstract-In this paper, we investigate the aggregate throughput and proportional fairness of two independent secondary user (SU) groups in a cognitive radio (CR) network. Using a continuous time Markov chain, the expression for the aggregate throughput as a function of traffic intensity, forced termination and blocking probabilities is derived. Furthermore, throughput loss of the individual SU groups is analyzed in terms of proportional fairness. The results show that as the difference between the service rates increases the fairness deviates from its ideal value and this unfairness cannot be countered by changing the arrival/access rate of SUs. For the fixed arrival rate of SU groups there exists an optimal service rate pair which maximize the aggregate throughput.
I. INTRODUCTION
Cognitive radio (CR) [1] also known as opportunistic spectrum access (OSA) is an innovative concept introduced by Mitola aimed to increase the efficiency of largely underutilzied licensed (primary) bands (channels) [2] [3] . In particular, cognitive radio enables the unlicensed (secondary) users to opportunistically build transmission links in vacant primary channels. However, as soon as primary user (PUs) reappear the secondary users (SUs) must immediately vacate these channels as to avoid interference to the PUs. Without additional means to continue in other vacant channels, these SU connections are terminated prematurely. The adverse impact of the termination can be reduced by using spectrum handoff which enables the interrupted SUs to move to other vacant channels. In order to understand the system wide benefits, several authors have investigated the performance of a SU group in terms of achievable quality of service (QoS) and fairness. For example, the impact of spectrum handoff on forced termination probability, blocking probability of a SU group has been studied in [4] . The authors in [5] , proposed to use periodic channel sensing to maximize SUs throughput, for a given threshold of collision probability with the PU network.
In case of multiple SU groups on the same licensed band, the fair sharing of spectrum is the fundamental and core issue due to the QoS requirements of each SU. For this authors in [6] proposed Homo-Egualis based learning model to achieve fairness among dissimilar SUs. For different fairness criterion, the authors in [7] proposed heuristic channel allocation algorithms based on multichannel contention graph and linear programming. In [8] , authors derive the optimal access probabilities for fairness among two independent SUs in terms of throughput. However, the techniques presented in [6] [7] [8] only discuss spectrum sharing while ignoring the impact of SU forced termination.
In this paper, we investigate the throughput and proportional fairness of two SU groups in a CR network. The scenario of two SU groups arises when CR networks belonging to different operators overlay each other. Another scenario is that two different types of services are provided on a single CR network. Using the continuous time Markov modelling techniques, first the throughput expressions for each SU group in terms of its traffic intensity, forced termination probability and blocking probability are derived. For different traffic conditions of two SU groups, the throughput and proportional fairness on a complete shared CR network are investigated. We found that when the mean service rates of SU groups are different, the CR network results in an unfair distribution of throughput. For fixed arrival rates of both SU groups, the results show that there is an optimal service rate pair which maximizes the throughput in the network. Although we consider only two SUs, the analysis presented here can easily be extended to incorporate more than two SU groups.
The rest of the paper is organized as follows. In Section II we introduce the system model and key assumptions made throughout the paper. The derivations of forced termination probability, blocking probability can be found in Section III. The throughput and proportional fairness among two SUs has been discussed in Section IV. Numerical results and simulations results are presented in Section V. Finally, we summarize the main findings in Section VI.
II. SYSTEM MODEL
We adopt the opportunistic spectrum access model of [4] in which there are K primary channels and each primary channel is subdivided into N subchannels. We assume that there are 2 independent SU groups {S A , S B } overlaying this PU network and each of the active connection from S A and S B utilizes a single subchannel. The PU spectrum is completely shared among two SU groups. On the arrival of a PU connection, the interrupted SUs can move to other vacant subchannels. This technique is called spectrum handoff. The new SU connections from each SU group are served on the first in first serve (FIFS) Fig. 1 shows the state transition diagram of a CR network with two independent SU groups. The states in the model are given by the number of active connections in the system, i.e., (i, j, k), whereas i, j are the number of active SU connections of S A and S B overlaying k active PU connections. The transition rate from state to state is given by the labels on the arrows. In Fig. 1(a) , due to the condition i+j +k < (K −1)N , spectrum handoff ensures that there is no termination when a new PU connection is made as the number of free channels are greater than N . Fig. 1(b) -(c) depicts the condition when the total number of vacant subchannels is less than N . On the arrival of a new PU connection, we have i+j+(k+1)N > KN , therefore forced termination occurs. An example of a forced termination is the state (i − l, j − m, k + 1) from state (i, j, k), whereas l and m are the number of terminated connections of S A and S B .
III. PROBABILITY ANALYSIS
In this section, we analyze the forced termination probability, blocking probability of two SU groups in a cognitive radio network. These probabilities are further used to characterize the throughput.
In the Fig. 1 , since the termination of q = l + m out of x = i + j SU connections occurs only when i + j + N k > (K − 1)N , the termination probability P (x,k) (x−q,k+1) is always 1. Given i and j in x, the probability of exactly l and m in q can be written as
gives the probability of having exactly l and m SU connections terminated from the state (i, j, k) i.e.,
Given PU arrival rate λ P , the state transition rate γ (1) and (2), the state transition rate from (i, j, k)
From the fact that the SU connections can only occupy vacant subchannels , the state feasibility criteria φ(i, j, k) is one only for valid states i+j ≤ (K−k)N and 0 otherwise. The probabilities of these feasible states are denoted by P (i, j, k). From Fig. 1 , a set of balance equations can be constructed for all valid states as shown in [4] . Using these balance equations, the state probabilities P (i, j, k) are calculated under the following fundamental constraint
A. Blocking probability
In state (i, j, k), the blocking of a new SU connection from S A (S B ) occurs when all primary channels are fully occupied. The state (i, j, k) is a blocking state if i + j + N k = N K. The probabilities of all blocking states are summed to calculate the blocking probability P B which is given by
In this scenario, blocking probability of a SU group seen by the primary network is same as experienced by a SU.
B. Forced Termination Probability
In this subsection, we calculate the combined and individual forced termination probability of S A and S B . Using the fact that the sum of termination rate and completion rate on the channel equals the admission rate (arrival rate minus blocking rate) in Fig. 1 , the forced termination probability P F can be written as
The above expression is used to calculate the combined P
AB F
and individual forced termination probabilities P
denote the sum of termination from all possible states. Let Ω A (i, j, k) Ω B (i, j, k) denote the SU termination rate of S A (S B ) from the state (i, j, k), then Γ A (Γ B ) can be written as
where z ∈ {A, B}. The termination rate Ω A (i, j, k) in equation (8) is obtained by calculating the marginal mean of joint distribution of l and m terminated SU connections (3), whereas Ω B (i, j, k) can be calculated by replacing l with m in the same equation. By applying superposition, the combined termination rate Γ AB can be written as
Let ∆ A and ∆ B denote the admission rate of S A and S B respectively, then the total admission rate ∆ AB is given as
Using (5) (6) and (7) the combined and individual forced termination probability P 
Fig. 1. Markov chain of the two SU groups in a CR network
Note that P F is not the average of P 
IV. THROUGHPUT AND FAIRNESS ANALYSIS
We assume that each user has the same normalized data rate R = 1 bps. The aggregate network throughput is defined as the product of the number of completed SU connections per unit time and the average duration per completed connection. Let z ∈ {A, B}, given SU connection arrival rate λ z s and its blocking (forced) termination probability P B (P z F ), the connection completion rate is given as
Assuming the distribution of the completed packets is also exponential, the mean rate of completed packets is
Mathematically, the throughput ρ z can be written as P B (sec), where P B (pri) is the blocking probability due to the situation in which PU occupy all the subchannels, and P z B (sec) is the blocking probability which can be computed from the probability for a given number of available subchannels. It is known that P B (sec) is constant for a fixed θ z s [11] . Therefore, the maximum achievable throughput ρ can be written as,
where P B (∞) is the blocking probability when P z F = 0. Definition. In a proportionally fair scheme, the fractional loss (due to primary preemption) in throughput ρ z of both SUs are equal with respect to their offered traffic θ z , where z ∈ {A, B}.
Mathematically, the fractional loss in throughput of both S A (S B ) can be written as
Using (13), the proportionally fair metric is
A proportional fair scheme is ideal when ̥ * = 1.
V. NUMERICAL RESULTS
In this section, we give some numerical examples of forced termination probability P F , blocking probability P B , and throughput for different scenarios of two SUs traffic conditions i.e, when the arrival and service rate of SUs may or may not equal. In all of the following simulations, we set the number of PU channels K = 3 and the number of subchannels per primary channel N = 6. The arrival rate and the service rate of the PU are set equal to 1, which corresponds to 31.25% PU channel occupancy. A is significantly higher. At very large value the fairness improves due to the saturation of primary subchannels. The figure shows there are two regions in terms of the rate of increase in aggregate throughput. In the first region the aggregate throughput increases at a relatively higher rate than the second region. In the second region there is no significant increase in throughput with increasing arrival rate. This behavior is expected as there is a fundamental limit (Proposition 1) in terms of achievable throughput for a given PU traffic intensity.
VI. CONCLUSIONS
In this paper, we investigate the proportional fairness and throughput of two SU groups in a cognitive radio network. Using a continuous time Markov model, we have presented the exact expressions to determine the individual and combined forced termination probabilities, blocking probabilities, and the aggregate throughput. When the service rate of SUs groups are equal the proportional fairness is ideal. As the difference in the service rate of two SU groups increases the fairness ̥ deviates from its ideal value. For the fixed arrival rate of SU groups there exists an optimal service rate pair which maximize the aggregate throughput. The results also show that
